We study the pseudoduality transformation on the symmetric space sigma models. We switch the Lie group valued pseudoduality equations to Lie algebra valued ones, which leads to an infinite number of pseudoduality equations. We obtain an infinite number of conserved currents on the tangent bundle of the pseudodual manifold. We show that there can be mixing of decomposed spaces with each other, which leads to mixings of the following expressions. We obtain the mixing forms of curvature relations and one loop renormalization group beta functions by means of these currents.
Introduction
We know that there is a well defined duality transformation 1 between target spaces of the sigma models on symmetric spaces with opposite curvatures which preserves the stress energy tensors associated with each sigma models though it is not a canonical transformation. In this paper we present the general solution of the pseudoduality equations [5] between two symmetric space sigma models, and construct the pseudodual currents by means of these equations. We will do our calculations regarding G as a symmetric space G × G/G, and then extend our construction using Cartan's decomposition of symmetric spaces. We will use the references [6, 7, 8, 9] for the symmetric space construction, and utilize the literature [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] on various applications to sigma models. Since pseudoduality is defined on spacetime coordinates [4] , and is best done on the orthonormal coframes bundle 2 SO(M), we leave this construction to later [24] . In this paper we will do our calculations on the pullback bundle of target space M. Hence pulling structures back to spacetime is implicit, and not emphasized. We will see that this construction will give us complicated expressions for T as opposed to the simplified form (identity) on SO(M) [24] .
Pseudoduality Between strict WZW Models
We consider a strict WZW sigma model [25] based on a compact Lie group of dimension n. Lagrangian [25, 14, 21, 22, 23] for this model is defined by
where Γ represents the WZ term, and the field g is given by the map g : Σ → G. We take Σ to be two dimensional Minkowski space, and σ ± = τ ± σ is the standard lightcone coordinates as above. There is a global continuous symmetry G L × G R which gives us the conserved currents J R taking values in the Lie algebra of G, and g = g R (σ − )g L (σ + ) is the solution giving the invariance of these currents.
The equations of motion following from (1) correspond to the conservation of these currents:
LetG be compact Lie group of the same dimension as G, andg : Σ →G. Equations of motion are given by
Solutions of equations of motion for both models can be combined in pseudoduality equations as
(g
where T is an orthogonal matrix connecting target space elements g −1 dg and g −1 dg. Taking ∂ − of first equation (4) with the help of equations of motions (2) and (3) shows that T is a function of σ + only. Taking ∂ + of second equation (5) gives us the following differential equation
We suggest an exponential solution 3 T = e X , and use the result [6, 10, 12] (∂ + 
where adX : g → g, the adjoint representation of X, and adX(Y ) = [X, Y ] ∀Y ǫ g. We let X → εX and look for a perturbation solution, and hence the left-hand side of equation (6) is
We insert an order parameter ε to the right-hand side of (6) , and get
Comparing (8) and (9) in the first order of ε gives us
This leads to the solution
Hence the matrix T may be written as
We see that if both sigma models based on the same groups, i.e G =G, target space of transformed model will be globally shifted as determined by the tangent space of unit element of T . We set X(0) i j equal to zero. Now we plug this in the pseudoduality equations (4) and (5) to find fields g −1 ∂ +g andg −1 ∂ −g which lead us to construct the pseudodual currents. We switch from Lie group-valued fields to the lie algebra-valued fields, and we let 4 g = e Y andg = eỸ . Using the result [6, 10, 12] 
we can write the following
g
and the equations of motion for the left and right currents will be
Y L/R , and we used equation (7) . We may write similar equations with tilde (˜). Hence transformation matrix T (12) will be
We impose a solution Y = ∞ n=1 ε n y n to determine the nonlinear parts of the equations (14) and (15) in terms of ε, where ε is a small parameter. Thus transformation matrix (18) becomes
and we have the following expressions for (14) and (15) 
Therefore first pseudoduality equation (4) can be split into infinite number of equations, determined by each order of ε as follows,
where we used subindex G (G) to represent commutation relations for the sigma model based on Lie group G (G). (1.i) givesỹ L1 = y L1 + C L1 , where C L1 is a constant, and we set it equal to zero, and leads to (1.ii). Likewise second pseudoduality equation (5) gives the following infinite set of equations
where we used (2.i) and (1.i) in (2.ii), and (2.i) leads toỹ R1 = −y R1 + C R1 , C R1 is a constant which is set to zero. We notice the fact that (22) only depends on σ + , and (23) on σ − point out pseudodual conserved currents, which can be written as follows
where each component is determined by the orders of ε's, which are given by expression (20) (with tilde). The nonlocal expressions of currents are determined with the help of (22) and (23)
We see that these currents are conserved,
It is observed that pseudodual currents are expressed as a nonlocal function of lie algebra valued fields on g. As a result we obtained a family of nonlocal conserved currents on the WZW model on G. This family is a consequence of infinite set of terms of T which is a function of lie algebra valued fields g.
An Example
We consider sigma models based on Lie groups G = SO(n + 1) andG = SO(n, 1). The corresponding lie algebra are given by
Let g = e Y andg = eỸ , and fields g (14) . We get the following expressions
Hence up to the second order terms we get the expressions for the fields on the target space elements
where we defined the following
2 Likewise we get the following expressions related to fields g −1 ∂ − g and
Obviously equations of motion are satisfied. Since we want to reduce constraints on the conservation laws and bring the nonlinear characters of conserved currents into the open we let e = ∞ n=1 ε n e n , where e stands for the matrix components a, b and c. We may find solutions in the orders of ε's. But we need to find transformation matrix T first and foremost.
Trivial Case: T = I
Let us consider first a trivial solution where transformation matrix is identity. Pseudoduality equations will be
Using (31) the first equation (33) leads to
where we used the solutions of first six equations in the last two lines as followsã
where A L1 , A L2 , B L1 , B L2 , C L1 and C L2 are constants. Therefore pseudodual left current (31) up to the order of ε 2 in nonlocal expressions is
where we defined the following symbols for the entries of matrix
Obviously this current is conserved. To find right current we use 2 nd pseudoduality equation (34) and we find the following expressions up to the order of ε
where we used the solution of first six equations in the last two equations as
where A R1 , A R2 , B R1 , C R1 and C R2 are constants. A brief computation yields the following expression for the right current
We see that this current is also conserved.
Nontrivial Case: General T
In this case we use the general expression (19) of transformation matrix T. Pseudoduality equations are given by (4) and (5), and gave us the equations (22) and (23) which can be written as
2 )
where we used the solutions of first three lines for the last four expressions. Solutions of these equations arẽ
where
, and B L2 are constants. We did not find solutions ofb R2 andb t R2 because of their complicated forms and no need to use them. Hence pseudodual left current (24) will bẽ
wherẽ
Pseudodual right current (25) can be constructed as follows
It is apparent that these currents are conserved.
Cartan Decomposition of Symmetric Spaces
We saw in the above example that symmetric spaces can be decomposed into two pieces, one piece remains invariant under transformation T though the other piece is transformed in such a way that it behaves like a new symmetric space. Let π be the projection G −→ M, sending each g ∈ G to submersion M. We see that M is symmetric space after invariant parts of G are eliminated. Let H be a closed subgroup of a connected Lie group G, and σ be an involutive automorphism of G such that F 0 ⊂ H ⊂ F = F ix(σ). Symmetric space M is the coset space M = G/H. If g is the Lie algebra of G, h is the Lie algebra of H, and m is the Lie subspace
where h is closed under brackets while m is Ad(H)-invariant subspace of g, i.e, Ad h (m) ⊂ m for all h ∈ H. If X ∈ g, then X = X h + X m , where X h ∈ h, and X m ∈ m. The involutive automorphism dσ is such that dσ(X h ) = X h and dσ(X m ) = −X m . Bracket relations for the symmetric space are defined by
The currents J (L) 
where k ± (A ± ) belongs to m(h), and D(D ′ ) is the covariant derivative acting on m(h).
It is natural to write down the Pseudoduality equations (4) and (5) in the most general split form on two spaces m and h as follows
and
Apparently
Non-Mixing Pseudoduality
We set the mixing components T α a and T a β in equation (44) equal to zero, and consider the pseudoduality equations on m and h-spaces as follows
When we take D − of (48), and D ′ − of (49) ('+' equations only) followed by the equations of motion (40) and (42) we obtain the result that both T 
Since k − and A − can be treated independently, this equation can be split into the following equations
First equation (51) gives us a relation between structure constants,f 
where we choose T a b (0) to be identity. It is easy to see that these equations yield the following bracket relations
that verifies the equations of motion on pseudodual space as pointed out above, D +k
− . We notice that if H andH are the same for both manifolds, i.e., f a bc =f a bc , then T a b reduces to identity, and we recover the flat space pseudoduality relations on two manifolds. One can easily construct nonlocal field expressions using above solutions, which arẽ
One may readily construct nonlocal expressions of the conserved pseudodual currents by means of these fields and following the method in section 2 (??).
Mixing Pseudoduality
We now consider mixing of m and h-spaces in pseudodual expressions. Pseudoduality equations can be written as in (44). We take ∂ − of first equation on m-space (44), and obtain
since m and h-spaces are independent, we get ∂ − T α β = ∂ − T α a = 0, so T α β and T α a don't depend on σ − . Now we take ∂ + of second equation on m-space (44) and see that
We substitute the expressions fork − andÃ − into this equation, and compare the coefficients of k − and A − to get the following expressions
Since we only need to find currents up to the second order terms, it suffices to find mapping tensors using only initial values
where all initial values are chosen to be identity. Therefore pseudodual nonlocal currents onm can be written as
Conservation laws of these currents up to the second order terms are obvious. Now we consider pseudoduality equations on h-space (44). We take ∂ − of first equation, and we obtain 
We replaceÃ − andk − in this equation to obtain the following results
We again want to find solutions up to the second order terms, so we only use initial values to get
Thus pseudodual fields up to the second order terms on H space will bẽ
It is obvious that conservation laws (42) and (43) up to the second order terms are satisfied
Dual Symmetric Spaces and Further Constraints
It is well-known [3, 7] that two normal symmetric spaces are dual symmetric spaces if there exist 1. a Lie algebra isomorphism S : h −→h such thatQ(SV, SW ) = −Q(V, W ) for all V, W ∈ h, and Q is inner product.
2. a linear isometry
Item (1) tells us that brackets in h andh are the same while item (2) tells us that inner products in m andm are the same. Item (1) yields the result (57)- (60) given by
On the other hand one can write the following bracket relations between pseudodual target spaces for the mixing pseudoduality case
which in turn leads to relations of connection two-forms between symmetric and corresponding H-spaces, which is consistent with the result found in section 5 (??). These equations produce that all components of the pseudoduality map T must be constant, and we choose them to be identity. Hence pseudoduality equations will simply bẽ
An Example
We consider the Lie groups we used in the previous section. We saw that invariant subspace of SO(n + 1) is 1 × SO(n). We pick H space as SO(n). Hence our symmetric space is M =
SO(n+1) SO(n)
. The Lie algebra g = so(n + 1) can be written as
which can be split as
Let Y ∈ g, X ∈ h, and Z ∈ m. Then, D ′ Z = 0 and DX = 0. Using the expansions (14) and (15), we may write the following expressions
We describe solutions X = ∞ n=1 ε n x n and Z = ∞ n=1 ε n z n , where ε is a small parameter. It is clear that equations of motion (40)-(43) for all orders of ε are satisfied. In the following calculations we are going to use expressions up to the order of ε 2 for simplicity. Now we consider dual symmetric spaceM = SO(n,1) SO(n)
, whereH = SO(n). Lie algebrag = so(n, 1) is written as
which is split as
LetỸ =X +Z, whereỸ ∈g,X ∈h, andZ ∈m. We get the same fields as equations (93)- (96) with tilde. Equations of motion will be the same with tilde. We may now find pseudodual fields using our expressions found above. We note that because of the special form of our Lie groups, mixing components of the map T vanishes, and we simply get non-mixing pseudoduality condition.
We insert our expressions into equations (81) and (82) to get infinitely many pseudoduality relations. Up to the order of ε 2 terms equation (81) will beD
and equation (82) will bẽ
Since we know
One can write similar expressions on the pseudodual space replacing each term with tilded terms. Only exception is that we switch b t n with −b t n so that we get the convenient lie algebra on tilded space. Therefore pseudoduality equations above (99) and (100) will give the following expressions
where tilded terms on the right hand sides can be replaced by solving corresponding equations. One can obtain the conserved nonlocal currents using these terms.
Curvatures

Case I: Curvatures on g andg
Let us find the curvatures related to symmetric spaces, and see the relations between dual symmetric parts. We first consider the case where H = id. We may choose orthonormal frame {J} on the pullback bundle g * (T G), where J stands for both J (R) and J (L) . These currents satisfy the Maurer-Cartan equation
jk J j is the antisymmetric riemannian connection. Curvature can be found using torsion free Cartan structural equations
Substituting w i = J i and w To relate curvature tensor on pseudodual space with regular space, we use nonlocal expressions (26)-(29). Since both currents yield the same result, we just use (26) and (27) for the final expression. We may writeJ i in nonlocal terms asJ k nm] = 0 after setting tilde terms with nontilde terms. We note that we obtained pseudodual space curvature as the negative regular space curvature. This shows that spaces are dual symmetric spaces as we expressed above.
Case II: Curvatures on Decomposed Spaces
Let us decompose the current as J = J α t α + J a t a , where we use indices α, β, γ, ... for m space and indices a, b, c, ... for h space, and t α and t a are corresponding generators. We can write the commutation relations as
Maurer-Cartan equation (101) can be decomposed as
We can also decompose Cartan structural equations. Decomposition of first structural equation gives us
comparison of these equations with the Maurer-Cartan equations (113)- (114) gives us the following connections
Decomposition of second Cartan structural equation leads to the following equations We want to write down curvature relations between symmetric spaces (m andm) and corresponding closed spaces (h andh) on g andg. To realize this objective we will use the bracket relations derived from pseudoduality equations. In case of non-mixing pseudoduality, we will make use of bracket relation (83)-(86). After eliminating A − and k − terms we obtain the following relations between connection one forms where A, B, C and D represent indices corresponding to M or H-space elements depending on which equation is used. But curvature expressions found above restrict all curvature components to exist. Therefore we will only have curvatures whose all indices belongs to one space (m or h) or being shared equally, otherwise they do not exist. On the other hand when we consider mixing pseudoduality, we observe that curvature components mix. From the connection two-forms we obtain the relations It is obvious that this is the lie algebra version of the AdG×AdG action on T. ad g (J (L) + ) is the orthogonal flat connection on g * T G as defined in section (4). One may find curvature relations using these connections as above. Thus another interpretation of pseudoduality is that since J (L) + depends only on σ + , so does T . Hence if we define a parallel transport P (σ) from (0, 0) to σ = (σ + , σ − ), pseudoduality equations may be written as * Σ (P (σ)) −1 (g −1 dg) = T (0)(P (σ)
where T (0) =P (σ)T (σ)P −1 (σ). This means that we start with g −1 dg, and parallel transport it to origin, and do the same on the dual model. We finally use the fixed isometry T (0) to equate these two fields at the origins.
